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Analysis of a Monolithic, Two-Dimensional
Array of Quartz Crystal Microbalances
Loaded by Mass Layers
With Nonuniform Thickness
Nan Liu, Jiashi Yang, and Ji Wang
Abstract—We study free thickness-shear vibrations of a
monolithic, two-dimensional, and periodic array of quartz crystal microbalances loaded by mass layers with gradually varying
thickness. A theoretical analysis is performed using Mindlin’s
two-dimensional plate equation. It is shown that the problem is mathematically governed by Mathieu’s equation with a
spatially varying coefficient. A periodic solution for resonant
frequencies and modes is obtained and used to examine the effects of the mass layers. Results show that the vibration may
be trapped or untrapped under the mass layers. The trapped
modes decay differently in the two in-plane directions of the
plate. The mode shapes and the decay rate of the trapped
modes are sensitive to the mass layer thickness.

I. Introduction

Q

uartz crystal microbalances (QCMs) are quartz
crystal resonators (QCRs), operating with plate
thickness-shear (TSh) modes, used for monitoring thinfilm deposition and mass sensing based on the inertial
effect of the mass layers on the frequencies of the QCRs.
The effects of a mass layer on a QCR are multifold, including the mass density, elastic constants, and thickness. In
the simplest description (the well-known Sauerbrey equation), the inertia of a mass layer lowers the frequencies of
a QCR [1], [2]. This has been used to measure the product
of the mass layer density and thickness. Researchers also
developed more sophisticated models based on pure TSh
modes, showing both the inertial and the stiffness effects
[3], [4]. More references can be found in review articles
such as [5] and [6].
Pure thickness-mode models for QCMs are only valid
for uniform mass layers on unbounded plates, without inplane variations or edge effects. The behavior of real devices is more complicated and can deviate from the pure
thickness-mode models. For example, in a typical QCM,
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the mass layer covers only the central portion of the crystal plate. In this case, the TSh vibration is nonuniform; it
is mainly under the mass layer and decays rapidly away
from the edge of the mass layer. This phenomenon is called
energy trapping [7]. It is crucial to device mounting, which
can be done at the edge of a plate where there is little
vibration. Thus, mounting will not affect the vibration
of the plate. The in-plane variations of the TSh modes
also cause deviation from the Sauerbrey equation. There
have been a few attempts to consider in-plane variations
of TSh modes [8]–[10]. Overall, theoretical results on this
issue are few and scattered. Another situation in which
the in-plane variations must be dealt with is the analysis
of monolithic arrays of QCMs in which a quartz plate is
loaded by patches of mass layers. In QCM arrays, the TSh
vibration is large under the patches and small between
them as a result of energy trapping. One-dimensional arrays of resonators [11], QCMs [12], [13], and transducers
[14] were analyzed using equations for piezoelectric plates.
In [11]–[14], the electrodes or mass layers on the QCRs
are uniform.
It was pointed out in [15] that the mass layer on a QCM
is often nonuniform and there is a lack of understanding
about this. Although there have been a few results on
nonuniform mass layers [16], [17] or electrodes [18]–[21] on
QCRs, these analyses are all for strip resonators with the
mass layer thickness variation depending on one in-plane
coordinate only. In our recent papers [22], [23], a single
QCM loaded by a nonuniform mass layer with a stepped
[22] or a gradually varying [23] thickness was analyzed, in
which the mass layer varies in both of the in-plane directions. As seen in [22], [23], nonuniform mass layers are associated with differential equations with spatially varying
coefficients and are mathematically challenging. In this
paper, we study the more general situation of a monolithic
array of QCMs. Our analysis is different from the array
analyses in [11]–[14] in two aspects. One is that the mass
layers are of continuously varying thickness. The other is
that we consider a two-dimensional array. A theoretical
analysis is performed using Mindlin’s plate equation [24],
[25] for TSh vibrations of a quartz plate.
II. Governing Equations
Consider an AT-cut quartz plate, as shown in Fig. 1. It
functions as a periodic array of rectangular QCMs. Only
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nine of them are shown. The plate has a uniform thickness 2h and a mass density ρ. There is an identical thin
mass layer with a slowly varying thickness on the top of
each QCM. The density of the mass layer is ρ′. Its varying thickness is 2h′(x1, x3). The specific form of this function will be given later. The mass layer is assumed to be
very thin. Only its inertia will be considered. Its stiffness
will be neglected [1], [2]. Quartz is a material with very
weak piezoelectric coupling. For a frequency analysis, we
will neglect the small piezoelectric couplings as usual. In
general, TSh vibration may be coupled to flexural motion. This coupling depends on the plate dimensions and
is strong only for certain aspect ratios (length/thickness)
of the plate [24]. For thin plates, coupling is less likely
to occur. For our purpose, it is sufficient to assume that
the coupling to flexure has been avoided through design.
Therefore, we consider pure TSh vibration only with the
following approximate displacement field [24]:
u 1(x 1, x 2, x 3, t) ≅ x 2ψ1 (x 1, x 3, t),

u 2 ≅ 0,

u 3 ≅ 0, (1)

where ψ1(x1, x3, t) is the plate fundamental TSh displacement. x2ψ1 has one nodal point along the plate thickness,
which is at the plate’s middle plane. We consider free vibration with a frequency ω, which is to be determined.
The governing equation for ψ1 is [24], [25]
∂ 2ψ1
∂ 2ψ1
+ γ 55
− 3h −2κ 2c 66ψ1 + (1 + 3R)ρω 2ψ1 = 0,			
2
∂x 1
∂x 32
		(2)
γ 11

where
2

π
(1 + R),
12
ρ′h ′
R=
,
ρh

κ2 =

γ 11

s 33
=
,
2
s 11s 33 − s 13

γ 55

(3a)

∂ 2ψ1
∂ 2ψ1
2
γ
(1 + R)ψ1 + (1 + 3R)ρω 2ψ1 = 0,
+
− ρω ∞
55
∂x 12
∂x 32
		
		(5)
γ 11

where we have denoted
ω∞ =

(4)

π
2h

c 66
,
ρ

(6)

which is the frequency of the fundamental TSh mode of
the crystal plate when the mass layers are not present.
Rearranging terms, we can further write (5) as
∂ 2ψ1
∂ 2ψ1
2
+ γ 55
+ ρ(ω 2 − ω ∞
)ψ1 + 2Rρω 2ψ1 = 0.			
2
∂x 1
∂x 32
		(7)
γ 11

Because R is very small, the last term of the left-hand side
of (7) is also very small. Therefore, in this term, we make
2
the approximation that ω 2 ≅ ω ∞
. The error is of the order
2
2
of R(ω − ω ∞), a high-order small quantity because ω2 −
2
ω∞
is also small. Under this approximation, (7) becomes
γ 11

∂ 2ψ1
∂ 2ψ1
2
+
+ [ρω 2 − ρω ∞
γ
(1 − 2R)]ψ1 = 0. (8)
55
∂x 12
∂x 32

We consider the case when the varying mass layer thickness can be written as
2h ′ = 2h 0[1 − f1(x 1) − f 3(x 3)],

(9)

where 2h0 is the mass layer center thickness, and f1 and f3
are small and slowly growing functions so that the mass
layer is thick at the center and thin at its edges. Corresponding to (9), from (3b) we have

(3b)
1
=
.
s 55
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R = R0[1 − f1(x 1) − f 3(x 3)],

(10)

where
R0 =

spq are the usual elastic compliances. Eq. (2) can be written as

ρ′h 0
.
ρh

(11)

Substitution of (10) into (8) gives
γ 11

∂ 2ψ1
∂ 2ψ1
+ γ 55
2
∂x 1
∂x 32
2

+ [ρω −

ρω 02

−

(12)
2
ρω ∞
2R 0(f1

+ f 3)]ψ1 = 0,

where we have denoted
2
ω 02 = ω ∞
(1 − 2R 0).

Fig. 1. Coordinate system for a quartz plate with a 3 × 3 array of quartz
crystal microbalances.

(13)

ω0 is the frequency of the fundamental TSh mode of the
crystal plate with a mass layer of a uniform thickness 2h0.
We are mainly interested in the so-called energy-trapped
modes with the frequency ω within
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ρω12A0 +
∞

+

∑

n =2

( )

(14)

(15)

Then, from (12), by the standard procedure of separation
of variables, we obtain
2
2
γ 11F111
, + ρω 1 F1 − ρω ∞2R 0f 1(x 1)F1 = 0,

−

2
ρω ∞
2R0f 3(x 3)F3

= 0,

(16)

(17)

To describe a mass layer with a periodically varying thickness, and thus representing an array, we choose
h0 
πx
πx 
 cos 1 + cos 3  + h 0
2 
a1
a3 
(18)
1 1
πx 1
πx 3  

1 1

−  − cos
= 2h 0  1 −
− cos
,
4 4
4 4
a 3  
a1


2h ′ =

(

)

where a1 and a3 are the length and the width of an individual QCM, respectively. In a typical QCM, e.g., the one
at the origin with | x1 | < a1 and | x3 | < a3, the mass layer
described by (18) assumes its maximal thickness 2h0 at
the center (0, 0) and it vanishes at the four corners of the
rectangle. Therefore, (18) describes a mass layer thick at
the center and thin at the edges. In other QCMs of the
array, we have the same nonuniform mass layer because
of the periodicity of (18). From (18) and (9), we identify
f1 =

πx
1 1
− cos 1 ,
4 4
a1

f3 =

πx
1 1
− cos 3 .
4 4
a3

(19)

)

(20)

Then, (16) can be written as

(

2
γ 11F111
, + ρω 1 +

1 2
πx
ρω R cos 1 F1 = 0,
2 ∞ 0
a1

(21)

2
ω 2 = ω 02 + ω12 + ω 32 + ω ∞
R 0.

(22)

Eqs. (20) and (21) are the well-known Mathieu’s equation
[26]. For the periodic array in Fig. 1, we are interested in
periodic solutions of (20) and (21) that are even functions
of x1 and x3. Therefore, according to Fourier series, we let
∞

F1 = A0 +

nπ

∑ An cos a 1 x 1,

(23a)

n =1

where the separation constants ω1 and ω 3 must satisfy the
following equation, which gives the resonant frequencies
once ω1 and ω 3 are determined:
ω 2 = ω 02 + ω12 + ω 32.

1 2
πx 

γ 55F3,33 +  ρω 32 + ρω ∞
R 0 cos 3  F3 = 0,

2
a3 

where, for convenience, we have introduced ω1 and ω3,
which satisfy the following equation from (17):

As a partial differential equation, (12) is separable. Let
ψ1(x 1, x 3) = F1(x 1)F3(x 3).

2012

(24)

( )

III. Free Vibration Analysis

γ 55F3,33 +

April

2

 1 2

π 
πx
1 2
1 2
ρω ∞R 0A1 +  ρω ∞
R 0A0 +  ρω12 − γ 11
A1 + ρω ∞
R 0A2  cos 1

4
a1 
4
a1
 2


2

 1 2

nπ
n π 
1 2
 ρω ∞R 0An −1 +  ρω12 − γ 11
An + ρω ∞
R 0An +1  cos
x = 0.


 4
a1 1
a1 
4


ω 0 < ω < ω ∞.

ρω 32F3
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∞

F3 = B 0 +

nπ

∑ B n cos a 3 x 3,

(23b)

n =1

where An (n = 0, 1, 2, …) are undetermined coefficients.
Eqs. (20) and (21) can be solved in the same way. We focus on (20) in the following. Substituting (23a) into (20)
and using the relevant trigonometric identity to convert
the product terms into sums, we obtain (24), see above.
Multiplying both sides of (24) by cos(mπ x1/a1) with m
= 0, 1, 2, …, integrating the resulting expression over a
period (−a1, a1), and using the orthogonality of the trigonometric functions, we arrive at the following recurrence
relations, which are linear homogeneous equations for Am:
1 2
ρω12A0 + ρω ∞
R0A1 = 0,
4

π
1 2
ρω ∞R0A0 +  ρω12 − γ 11
2
a1


2

( )  A + 14 ρω
1

2
∞R 0A2

= 0,

			
2

m
π
1 2
A
ρω R A
+  ρω 2 − γ 11
a 1  m
4 ∞ 0 m −1  1
1 2
+ ρω ∞
R 0Am +1 = 0,
m = 2, 3, 4, ….
4
		(25)
For nontrivial solutions of Am, the determinant of the coefficient matrix of (25) must vanish, which gives the frequency equation that determines ω1. The corresponding
nontrivial Am obtained from (25) determines F1 through
(23a). In a similar way, ω3 and Bm can be obtained by
solving (21). Then, ω can be obtained from (22). These
will be done numerically on a computer.

( )
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Fig. 3. (a) x1 dependence and (b) x3 dependence of the three modes in a
3 × 3 array: solid line: the first mode; dash-dotted line: the second mode;
dashed line: the third mode.
Fig. 2. The three modes found within ω0 < ω < ω∞ (shown in a single
quartz crystal microbalance).

IV. Numerical Results
For numerical examples, we fix 2h = 1 mm and a1 = a3
= 1 cm, which are typical dimensions for a QCM. We consider the case of R0 = 5%. In this case, f∞ = 1 654 638 Hz
and f0 = 1 569 727 Hz. Table I shows the results of numerical tests using three, five, or ten terms in the Fourier series. Three resonant frequencies, f11, f12, and f21, are
found within ω0 < ω < ω∞. It can be seen that the frequencies are already indistinguishable when using five and

TABLE I. Resonant Frequencies Showing Convergence.
Number of terms in
the Fourier series

f11 (Hz)

f12 (Hz)

f21 (Hz)

3
5
10

1 595 188
1 595 181
1 595 181

1 626 922
1 626 864
1 626 864

1 631 909
1 631 890
1 631 890

ten terms. Numerical tests also show that when using ten
terms in the series, the modes corresponding to the three
frequencies also become stable. This is expected because,
as will be seen later, the behaviors of the modes we are
interested in are relatively simple, with only a few in-plane
oscillations, and therefore can be well approximated by a
few terms in the Fourier series. Our subsequent calculations will be based on ten terms in the series.
For the three modes found, Fig. 2 shows their vibration
distribution in a single QCM, e.g., the one within | x1 | <
a1 and | x3 | < a3. The first mode is at the frequency f11,
the lowest frequency. The vibration is large near the center and decays to almost zero near the edges. Therefore,
this is a well-trapped mode. For this mode, neighboring
QCMs have little interaction, which is the desired situation for a QCM array. The second mode is at f12. It is well
trapped along x1 and is nearly zero at x1 = ±a1. However,
it changes its sign along x3 with two nodal points and has
a large amplitude near x3 = ±a3. Therefore, for this mode,
in the x3 direction, the vibration leaks out of the mass layer and neighboring QCMs begin to interact significantly.
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Fig. 5. Vibration distribution of the first mode in a 3 × 3 array.

For a more visual presentation, in Fig. 5 we show the
vibration distribution of the first mode in a 3 × 3 array
of QCMs.
V. Conclusion

Fig. 4. Effects of R0 on vibration distribution of the first mode along (a)
x1 and (b) x3 in a 3 × 3 array: dash-dotted line: R0 = 3%; solid line: R0
= 5%; dashed line: R0 = 7%.

Similarly, the third mode at f21 is well trapped along x3
but has two nodal points along x1 and a large amplitude
near x1 = ±a1.
To see the variations of the three modes found more
clearly, in Fig. 3 we plot their x1 dependence and x3 dependence separately for a 3 × 3 array of QCMs. Clearly,
the first mode is trapped in both directions, the second
mode is trapped in the x1 direction only, and the third
mode is trapped in the x3 direction only. We note that
the modes decay faster in the x3 direction than in the
x1 direction. Therefore, rectangular QCMs with a3 < a1
are more reasonable than square QCMs for device miniaturization. Similarly, elliptical QCMs are more reasonable
than circular ones. Fig. 3 also shows that even for the first
mode there is still some vibration left between neighboring QCMs.
Fig. 4 shows the effect of the mass ratio R0 on the vibration distribution of the first mode for a 3 × 3 array of
QCMs. A larger R0 represents a mass layer that is thicker
at the center. The figure shows that a thicker mass layer
is associated with fast decay of the vibration amplitude
from the center and smaller vibration amplitude between
neighboring QCMs or less interaction among them.

Using Mindlin’s equation for a quartz plate, a periodic
array of QCMs with nonuniform mass layers is governed
by Mathieu’s equation with a spatially varying periodic
coefficient whose periodic solution can be obtained by
Fourier series. Numerical results show that there exist
both trapped and untrapped modes. The trapped modes
decay differently along x1 and x3. Therefore, rectangular
and elliptical QCMs are better designs than square and
circular ones. The trapped modes decay faster for mass
layers that are thicker at the center.
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